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I. INTRODUCTION
Ferroelectric materials in ultra small size have unique physical and mechanical properties and are geometrically compatible with complex nano devices. [1] [2] [3] [4] [5] Many intriguing physical phenomena were discovered in them, such as quantum tunneling in ultrathin film, 6, 7 semi-conductivity in epitaxial layers, 8 magnetoelectric coupling effect in multiferroic heterostructures, 9 making this field very challenging and promising. With the improvement of film growth techniques, polarization can exist in PbTiO 3 perovskite films down to 1.2 nm. 10 This fact was also supported by numerical study using density functional theory. 11 Recently, theoretical calculations also predicted that the polarization of BaTiO 3 films can be maintained down to the size of 0.8 nm and the critical thickness may even vanish in designed asymmetric structures. 12 However, polarization degradation is still a common problem in most films. The origin might be related to depolarization, space charges, interface interaction, etc., which needs to be further investigated.
Synchrotron radiation studies demonstrated that ultrathin films expitaxially grown on perovskite substrate with the thickness of a few atomic layers can be made free from dislocations, defects, and chemical disorder. 10 The large misfit strain induced by the substrate can efficiently counterbalance the size effect and sustain the polarization in films with several atomic layers. Particularly, the form of adjacent lattice of the film and oxide electrode in epitaxial ultrathin BaTiO 3 or PbTiO 3 films has strong correlation and can in situ screen the bound charges induced by the polarization. This adjacent oxide-oxide interface can make the ionic polarization penetrate into the electrode and co-response to the ferroelectric distortion, which essentially cancels out the additional surface capacitor in the metal-ferroelectric film interface and plays a crucial role in stabilizing the ferroelectric phase in the film, although large depolarization may exist due to the imperfect screening of the oxide electrode. 11, 13, 14 We should note that for thicker films with metal electrodes, the interface is more complex especially in high field and high temperatures. 15 Due to chemical defects, they may behave like semiconductors and have Schottky contact interface. 16 For ultrafine undoped epitaxial films with thickness of several nanometers, films are proven to be insulator. However, small amount of space charges induced by the formation of oxygen vacancies or deep trapping centers are also inevitable, which may affect the depolarization field and the properties of the ultrathin films, although they may not change the insulating nature of the film. 17, 18 Localized space charges have strong effects on the phase-transition temperature, which can be suppressed by as much as 100 K. 19 Instead of nearly uniform distribution of space charges in bulk or thick films, space charges in thin films are usually migrated under the polarization field in the case of incomplete screening. 20 Zubko et al. 8 simulated the properties of ferroelectric thin film with the thickness of 5-20 nm using a linear space charge distribution. A planar space charge distribution in the inter surface of the interface was also used to study the superlattice structure 21 and the fatigue of thin films. 17 Experiment results showed that the space charge distribution was time dependent after the application of an electric field. 22 The final stable balanced condition might be calculated by solving the Poisson's equation.
In ultrathin films, the internal electric field can be very strong, which compel the space charges to migrate to the interface of the film. This small amount of accumulated space charges might partially compensate the depolarization field and enhance the polarization in the ultrathin film. In this work, we use a generalized Landau-Devonshire model to study the effect of space charges on the physical properties of ultrathin ferroelectric films.
II. THERMODYNAMIC MODEL
Our study focused on a single domain PbTiO 3 ultrathin film with an equivalent cubic cell lattice parameter of 3.9633Å , which was epitaxially grown on either SrTiO 3 (with lattice parameter a ¼ 3.905Å ) or NdGaO 3 (with lattice parameter a ¼ 3.86 Å (Ref. 23)) thick substrates. 24 The thicknesses of the film and the electrode are h and l, respectively. The origin of the coordinates was set in the middle of the thin film with the direction z along the film normal. The thick substrate can be considered as rigid, thus, the in-plane dimensions of the film layer were totally constrained by the lattice mismatch strain. This large compressive strain can enhance the polarization component perpendicular to the surface of the film and counterbalance the degradation induced by the size effect. 25 Since the epitaxial film was extremely thin, the compressed strain from the substrate and the effective surface energy can be assumed uniform throughout the film. 26 Because the epitaxial electrodes are not perfect conductors, the bond charges cannot be completely compensated at the surface even under short circuit condition, which results in a non-vanishing electric field inside the electrodes and a non-zero depolarization field in the film. Usually, the depolarization field induced by the incomplete screening is small, but for ultrathin films, the sharp drop of the electric potential in the electrodes within a typical screening length of several angstroms can significantly affect the properties of the ultrathin film. 17 The internal electric field of the electrode scales exponentially with the ratio of the screening length in the electrode over the thickness of the ferroelectric film. 11, 17 Assuming the polarization induced compensation charges in the electrodes are 6q e , the electric field inside the electrode can be calculated by solving the Poisson's equation. 17 It should be noted that the compensation charges 6q e stay within the electrode and cannot move into the ferroelectric film to neutralize the polarization charge or space charge in the film. The depolarization field formed by the unscreened polarization charges can be written as
, where e b is the dielectric background coefficient of the film. 27 With the assumption of only a small deviation from the average carrier density, the electric field E e in the electrode along the z-direction can be written as
where l s is the screening length that characterizes the extent of free charge distribution inside the electrodes; e e is the dielectric constant of the electrode, which is not infinity for a non-perfect metal. The boundary conditions are E e ðzÞ ¼ 0 at the outer surface of the electrode and E e ðzÞ ¼ q e =e e at the interface between the film and the electrode. The solution of Eq. (1) with these boundary conditions can be derived as
In general, space charges in fully depleted ferroelectric films are known to be localized, immobile space charges, originating from either oxygen vacancies or deep trapping centers. However, space charges under large inner field will move towards and accumulate at the interface to form a planar space charge distribution, 21 which can affect the depolarization field. Assuming the space charges with density of q sc ¼ qN d finally accumulated on each side of the film surfaces under the drive of the unscreened depolarization
where q is the electron charge. Since the whole system is under short circuit condition, the final static electric balance equation can be written as
from which, one can derive the induced compensation charges q e as
with
The first term in Eq. (5) is linearly proportional to the polarization, while the second term is related to the space charges. For ferroelectric films under a non-zero electric field, the thermodynamic potential can be obtained from the relation dg=dE ¼ ÀD, where D is the electric displacement D ¼ e b E þ P; E is the total electric field, i.e., the external electric field E ext plus the depolarization field E d , and the space charge induced electric field E sc . In the absence of external applied electric field, the total electric field E can be simplified to E d þ E sc . With the consideration of the external strain, depolarization field, and the surface effect, the total free energy can be rewritten as
where a Ã ¼ a 0 ðT ÀT c0 ÞÀ4Q 12 u m ðs 11 þs 12 Þ À1 ; b Ã ¼ bþ 4Q 2 12 ðs 11 þs 12 Þ À1 are the coefficients with the consideration of the mismatch strain u m ; a 0 , b, and c are the expansion coefficients of the Landau free energy; T is the ambient temperature; T c0 is the Curie temperature of the bulk material; Q 12 is the electrostrictive coefficient; s ij is the elastic compliance tensor; U S is the surface energy, which may be written as a Taylor expansion. Keeping only the two lowest order terms, the surface energy can be expressed as U S ¼ ðn 1 Àn 2 ÞP þðg 1 þg 2 ÞP 2 =2, where n 1 , g 1 , and n 2 , g 2 are expansion coefficients of the two surfaces, respectively. 26 Since the two electrodes are the same, the surface energy can be simplified as U S ¼ gP 2 . Under the internal electric field E d þ E sc , the time variation of polarization is governed by the master equation
with the renormalized coefficient a
; M is the kinetic coefficient. The last term can be regarded as an effective electric field induced by the space charges, which is E Ã sc ¼ E sc ð1 À hÞh. The low-voltage dielectric constant along the normal direction of film-substrate interface is given by
where e 0 is the vacuum dielectric permittivity. The polarization and dielectric constants without external field are different from those under external field, especially under large external field, for which nonlinear response should be considered. 28 To simplify our calculations, we use a linear constitutive equation to derive the piezoelectric response of a constrained thin film under a small external electric field. With uniform in-plane strain S 1 ¼ S 2 ¼ u m and zero vertical stress T 3 ¼ 0, the strain in the vertical direction can be derived from the constitutive equations as
where P E is the induced polarization by the external field. The first term of Eq. (9) is the strain induced from the lattice mismatch by the substrate. Without considering the nonlinear effect and the small polarization induced by the external field, the effective piezoelectric coefficient may be approximated as
Because of the rigid clamping by the substrate, there is no induced in-plane strain in the film, so that d
III. RESULTS AND DISCUSSIONS
The parameters (listed in Table I ) used for PbTiO 3 and electrode SrRuO 3 were taken from Refs. 7, 25, and 29. The calculations were carried out at room temperature for films with the thickness of less than 5 nm. Space charge densities of 0, 1 Â 10 25 m À3 , and 5 Â 10 25 m À3 were chosen in our study.
The effective dielectric stiffness coefficient a ÃÃ is the primary parameter dominating the dynamics evolution of the spontaneous polarization. The critical thickness and the critical temperature were also highly related with this parameter based on the bifurcation analysis. 30 In the total free energy, those terms related with the square of the polarization will contribute to a ÃÃ , including the temperature-dependent bulk thermal coefficient, the external strain u m , surface, and the depolarization field. The misfit strain induced by the substrate has a critical effect on the value of a ÃÃ . As shown in Fig. 1 , the contribution of an external strain of À0.026 is almost two times higher than the bulk thermal coefficient at T ¼ 300 K. The contribution of the surface energy is induced by the discontinuity of the lattices at the interface. This contribution will drastically reduce a ÃÃ , especially when the film is very thin. There are several published works related to the interface of the film and electrodes, including the ionic distortions within the electrode lattice over a distance of 2-3 lattice constants, incomplete screening of the electrodes, 7 and space charge accumulations. 8 In our results, the contribution from the misfit stain is comparable with that from the incomplete screening, but the drastically increased surface energy is still the main cause of the polarization degradation, producing the size effect.
As shown in Fig. 2 , the effective space charge induced field E Ã sc nonlinearly increases with the film thickness. The value of this field is about two orders of magnitude smaller than the total depolarization field even with a space charge density of 5 Â 10 25 m À3 . However, for a film with its 
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Lu, Cao, and Li J. Appl. Phys. 111, 084103 (2012) thickness near the critical thickness, the depolarization field is very sensitive to the space charges. Ferroelectricity was found in a PbTiO 3 film with the thickness down to 1.2 nm based on synchrotron radiation detection, and the critical thickness was predicted to be 0.8 nm at room temperature. These values are far lower than the actual systems with significant effect of depolarization induced by non-perfect electrodes. In our work, without the consideration of space charges, the spontaneous polarization of the PbTiO 3 film disappeared below 2.4 nm with an external strain of À2.6% (Fig. 3) . As shown in Fig. 3 , the existence of the space charges changed the discontinuity of polarization vs. thickness from a sudden jump to a continuous one. The polarization was also enhanced with the increase of space charge density, especially in the vicinity of the critical thickness.
The dielectric property of ultrathin films is a key factor for many ferroelectric related miniaturized devices. Without the aid of space charges, the dielectric constant will have a sharp increase in the vicinity of the critical thickness. This singularity becomes a peak with the presence of space charges and the magnitude is much reduced (Fig. 4) . Different from the diffused behavior induced by grain orientation distribution or multi-phase crystals, the dielectric peak here was not broadened but only with a considerable decrease in magnitude at the critical thickness.
Piezoelectric coefficient usually decreases with the reduction of the film thickness. Without space charges, the piezoelectric coefficient increases sharply near the critical thickness due to the sharp increase of the dielectric constant, similar to the Curie-Weiss law with a singularity at the critical temperature. Below the critical thickness, there is no piezoelectricity because of the disappearance of the polarization. When space charges are considered, the piezoelectric coefficient showed a peak broadening in the vicinity of the critical thickness, and the piezoelectricity can exist even below the intrinsic critical thickness (Fig. 5) . Since the piezoelectric properties are very sensitive to the polarization and the dielectric properties, films with thickness around the critical thickness may be used in some miniaturized electromechanical or electrical devices that do not have stringent stability requirements.
IV. SUMMARY AND CONCLUSIONS
Physical properties of ultrathin ferroelectric films were theoretically studied with the consideration of space charge effect on the depolarization field and the total internal electric field. The thickness-driven phase transition was changed from a first-order like to a second-order like in the vicinity of the critical thickness. With the presence of space charges, the polarization is enhanced and persisted below the critical thickness. The singularities of the dielectric and piezoelectric coefficients at the critical thickness were all suppressed due to the presence of space charges. The amplitude of the dielectric constant decreased with the increase of space charge density, but the dielectric peak did not show much broadening. The piezoelectric coefficient becomes nonzero below the critical thickness due to the presence of space charges and decreased immediately above the critical thickness after peaked at the critical thickness. 
